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Abstract
The system of nonlinear Langevin equations was obtained by using Hamiltonian’s operator of two coupling quantum os-
cillators which are interacting with heat bath. By using the analytical solution of these equations, the analytical expressions
for transport coefficients was found. Generalized Langevin equations and fluctuation-dissipation relations are derived for the
case of a nonlinear non-Markovian noise. The explicit expressions for the time-dependent friction and diffusion coefficients are
presented for the case of linear couplings in the coordinate between the collective two coupled harmonic oscillators and heat
bath.
Keywords. Open quantum systems; Heat bath; Friction and Diffusion coefficients; Non-
Markovian dynamics.
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I. INTRODUCTION
Nowadays, one of the intensively developing topics of theoretical and mathematical
physics is the non-equilibrium quantum theory. The study of the dynamics of open sys-
tems is directed towards derivation of transport equations and finding transport coefficients
which they include. Many works are devoted to developing of formalism for the descrip-
tion of statistical and dynamical behavior of open systems. Powerful apparatus for solving
complicated statistical problems of open systems is the theory of Markovian random pro-
cesses and diffusion type processes, which has the origin of Brownian motion. However,
the use of models of Markovian random process in many cases is quite rough, and in some
cases - actually inapplicable. In that reason, designing of mathematical methods to consider
non-Markovian random processes becomes natural and realistic. One of the possibilities of
mathematical representation of non-Markovian process is using of integro-differential equa-
tions rather than differential equations. This kind of approach in essence allows to take
into account the memory of the system when random process exists in it. An important
problem in the theory of quantum open systems is the study of reduced (i.e. averaged over
the reservoir state) dynamics of the system. In this case we usually suppose that reservoir
is in equilibrium state. Reduced dynamics is described by the master equations for reduced
system density matrix or for time evolution of system’s observables averaged over the reser-
voir’s state. Exact master equations include effects of memory and are complicated for
practical study. Study of behaviors of dissipative quantum non-Markovian system beyond
weak coupling or high temperatures draws an interest into exact solvable models [1–9]. In
these models the internal subsystem (i.e., reservoir) is represented by a set of harmonic os-
cillators, whose interaction with a collective subsystem of harmonic oscillators is realized by
the linear coupling between coordinates. Density of oscillators and coupling constants be-
tween internal and collective subsystems are chosen so that equations of motion for averages
to be consistent with the classical formalism. Among quantum transport equations one can
recommend the phenomenological Lindblad equation [10]. This is a deterministic equation,
which can be obtained by averaging of stochastic Langevin equation by the controlling quan-
tum noise. In kinetic theory, Langevin’s method significantly simplifies the calculation of
non-equilibrium quantum and thermal fluctuations and provides a clear description of both
Markovian and non-Markovian dynamics of the process. The description below is devoted
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to the elegant method to obtain non-stationary friction and diffusion coefficients for sub-
system in case of arbitrary damping temperature. The transport coefficients also includes
non-Markovian effects. As a starting point, Langevin approach is used, which is widely used
for considering fluctuation and dissipation effects in macroscopic systems.
A quantum oscillator coupled to a heat bath is a very important and useful problem
for many processes dealing with dynamics of open quantum systems [11]. In this work
the problem of two coupled quantum oscillators interacting with ensembles of harmonic
oscillators is considered.
II. GENERALIZED NON-MARKOVIAN QUANTUM LANGEVIN EQUATIONS
Let us define the microscopic Hamiltonian H of the total system (internal subsystem
plus collective subsystem), which will be used to obtain non-Markovian quantum stochastic
Langevin equations and time-dependent transport coefficients for the collective subsystem.
In a quantum Hamiltonian was constructed for the systems, which is explicitly dependent
on the collective coordinates R and β, canonically conjugate collective momentums P and
Pβ and internal degrees of freedom
H = Hs +Hb +Hsb (1)
Hs =
P 2
2m1
+ η
m1ω
2
1R
2
2
+
P 2β
2m2
+
m2ω
2
2β
2
2
+ gRβ (R · β)
Hb =
∑
ν
h¯ωνb
†
νbν (2)
Hsb =
∑
ν
(ανR + gνβ)
(
b†ν + bν
)
where η = ±1. The coupling parameters αν and gν are
α2ν =
λ1Γ
2
ν
h¯
, g2ν =
λ2Γ
2
ν
h¯
(3)
where λ1 and λ2 are parameters which measure the average strengths of the interactions
and Γν are the coupling constants. b
+
ν and bν are the phonon production and annihilation
operators that describe internal excitations of the system with energy h¯ων . For the sake of
simplicity, we omit the signs of the operators. The quantities Hs andHb are the Hamiltonians
of the collective and the internal subsystem respectively. The quantityHsb describes coupling
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of the collective motion with the internal excitations and is a source of dissipative terms
appearing in the equations for the operators of the collective variables.
Using Hamiltonian (1), we obtain a system of quantum Heisenberg equations for the
operators related to the collective and internal motion
R˙(t) =
i
h¯
[H,R] =
P (t)
m1
β˙(t) =
i
h¯
[H, β] =
Pβ(t)
m2
P˙ (t) =
i
h¯
[H,P ] = −ηm1ω
2
1R(t)−
∑
ν
αν
(
b†ν(t) + bν(t)
)
− gRββ(t)
P˙β(t) =
i
h¯
[H,Pβ] = −m2ω
2
2β(t)−
∑
ν
gν
(
b†ν(t) + bν(t)
)
− gRβR(t) (4)
and
b˙†ν(t) =
i
h¯
[H, b†ν ] = iωνb
†
ν(t) +
i
h¯
[ανR(t) + gνβ(t)] ,
b˙ν(t) =
i
h¯
[H, bν ] = −iωνbν(t)−
i
h¯
[ανR(t) + gνβ(t)] (5)
The solutions of Eqs.(5) are
b†ν(t) = f
†
ν(t)−
1
h¯ων
(ανR(t) + gνβ(t)) +
1
ων
t∫
0
dτeiων(t−τ)
[
ανR˙(t) + gνβ˙(t)
]
,
bν(t) = fν(t)−
1
h¯ων
(ανR(t) + gνβ(t)) +
1
ων
t∫
0
dτe−iων(t−τ)
[
ανR˙(t) + gν β˙(t)
]
(6)
Therefore,
b†ν(t) + bν(t) = f
†
ν(t) + fν(t)−
2
h¯ων
(ανR(t) + gνβ(t)) (7)
+ 2
h¯ων
t∫
0
dτ
[
ανR˙(t) + gν β˙(t)
]
cos (ων(t− τ)) (8)
where
f †ν(t) =
[
b†ν(0) +
ανR(0)
h¯ων
+
gνβ(0)
h¯ων
]
eiωνt
fν(t) =
[
bν(0) +
ανR(0)
h¯ων
+
gνβ(0)
h¯ων
]
e−iωνt (9)
Substituting Eq.(8) into Eqs.(4), we eliminate the bath variables from the equations of
motion of the collective subsystem and obtain the nonlinear integro-differential stochastic
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dissipative equations
R˙(t) =
P (t)
m1
β˙(t) =
Pβ(t)
m2
P˙ (t) = −ηm1ω
2
1R(t)− gRββ(t)− F1(t) + 2
∑
ν
1
h¯ων
(
α2νR(t) + ανgνβ(t)
)
−
− 2
∑
ν
1
h¯ων
t∫
0
dτ
[
ανR˙(τ) + ανgν β˙(τ)
]
cos (ων(t− τ))
P˙β(t) = −m2ω
2
2β(t)− gRβR(t)− F2(t) + 2
∑
ν
1
h¯ων
(
ανgνR(t) + g
2
νβ(t)
)
−
− 2
∑
ν
1
h¯ων
t∫
0
dτ
[
ανgνR˙(τ) + gν β˙(τ)
]
cos (ων(t− τ)) (10)
The presence of the integral parts in these equations indicates the non-Markovian character
of the system. Since in com-parison with Refs.[7, 9] we do not introduce the counter-term in
the Hamiltonian, the stiffnesses of the potentials are renormalized in the equations above.
Due to the operators
F1(t) =
∑
ν
F να (t) =
∑
ν
αν
(
f †ν(t) + fν(t)
)
F2(t) =
∑
ν
F νg (t) =
∑
ν
gν
(
f †ν (t) + fν(t)
)
which play the role of random forces in the coordinates, Eqs.(10) can be called the gener-
alized nonlinear quantum Langevin equations. Following the usual procedure of statistical
mechanics, we identify these operators as fluctuations because of the uncertainty in the
initial conditions for the bath operators.
R˙(t) =
P (t)
m1
β˙(t) =
Pβ(t)
m2
P˙ (t) = −
(
ηm1ω
2
1 −△1
)
R(t)− (gRβ −△2)β(t)− F1(t)−
1
m1
t∫
0
dτK1(t− τ)P (τ)−
−
1
m2
t∫
0
dτK2(t− τ)Pβ(τ)
P˙β(t) = − (gRβ −△3)R(t)−
(
m2ω
2
2 −△4
)
β(t)− F2(t)−
1
m1
t∫
0
dτK3(t− τ)P (τ)−
5
−
1
m2
t∫
0
dτK4(t− τ)Pβ(τ) (11)
where
△1 =
∑
ν
2α2ν
h¯ων
, △2 = △3 =
∑
ν
2ανgν
h¯ων
, △4 =
∑
ν
2g2ν
h¯ων
K1(t− τ) =
∑
ν
2α2ν
h¯ων
cos (ων(t− τ))
K2(t− τ) = K3(t− τ) =
∑
ν
2ανgν
h¯ων
cos (ων(t− τ))
K4(t− τ) =
∑
ν
2g2ν
h¯ων
cos (ων(t− τ))
In equations of motion (11), the dissipative kernels K1(t− τ), K2(t− τ), K3(t − τ) and
K4(t − τ) are separated in the terms proportional to R˙, β˙ and P˙ , P˙β [8, 12, 13]. These
kernels depend on the coefficients of Hsb. Since the dissipative kernels do not depend on the
number of phonons, they do not depend on the bath temperature T either. The temperature
and the fluctuation enter into the consideration of the dynamics of R, β and P , Pβ via the
distributions of the initial conditions for the internal system. The explicit expressions for
the dissipative kernels K1(t− τ), K2(t− τ), K3(t− τ) and K4(t− τ) and for the operators
F1(t) =
∑
ν
F να(t) and F2(t) =
∑
ν
F νg (t) in (11), which play the role of the random P and Pβ,
forces, were obtained in [1].
In statistical physics the operators F να(t) and F
ν
g (t) are identified as usual with the fluctu-
ations due to the uncertainty of the initial conditions for the bath operators. To determine
statistical properties of these fluctuations, we consider an ensemble of initial conditions in
which R(0), β(0), P (0) and Pβ(0) are given, and the initial bath operators are chosen from
the canonical ensemble [8, 12, 13]. In this ensemble the fluctuations F να(t) and F
ν
g (t) are
Gaussian distributions and have zero mean values
≪F να(t)≫=≪F
ν
g (t)≫= 0 (12)
and nonzero second moments. The symbol ≪ ...≫ denotes the average over the bath
variables. The Gaussian distribution of the random forces corresponds to the case where
the bath is a set of harmonic oscillators [9, 14, 15]. To calculate the correlation functions of
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the fluctuations, we will use the bath with the Bose-Einstein statistics
≪f+ν (t)f
+
ν′ (t
′)≫ = ≪fν(t)fν′(t
′)≫= 0,
≪f+ν (t)fν′(t
′)≫ = δν,ν′nνe
iων(t−t′),
≪fν(t)f
+
ν′ (t
′)≫ = δν,ν′(nν + 1)e
−iων(t−t′), (13)
where nν = [exp(h¯ων/T )− 1]
−1 are the temperature occupation numbers for phonons.
Thus, a system of generalized nonlinear Langevin equations (11) is obtained. The pres-
ence of the integral terms in the equations of motion means that the non-Markovian system
remembers the motion over the trajectory prior to the time t. Analytical solution is possible
if the functionals in (11) are replaced by their mean values considered to be weakly varying
in time t and the renormalized potential is approximated by the harmonic (or inverted)
oscillator. In this case, we have a system of generalized Langevin equations with dissipa-
tive memory kernels. We will solve them using the Laplace transform L to obtain linear
equations for images.
sR(s)−
P (s)
m1
= R(0)
sβ(s)−
Pβ(s)
m2
= β(0)
(
ηm1ω
2
1 −△1
)
R(s) + (gRβ −△2)β(s) +
(
s+
1
m1
K1(s)
)
P (s)
+
1
m2
K2(s)Pβ(s) = P (0)− F1(s)
(gRβ −△3)R(s) +
(
m2ω
2
2 −△4
)
β(s) +
1
m1
K3(s)P (s)
+
(
s+
1
m2
K4(s)
)
Pβ(s) = Pβ(0)− F2(s) (14)
The above originals can be found using the residue theorem, and the solutions R(t), β(t),
P (t) and Pβ(t) can be written down in terms of the roots si of the equation
d(s) = s2
(
s+
1
m1
K1(s)
)(
s+
1
m2
K4(s)
)
−
1
m1m2
s2K2(s)K3(s) +
+
s
m1
[(
ηm1ω
2
1 −△1
) (
s+
1
m2
K4(s)
)
− (gRβ −△3)
1
m2
K2(s)
]
+
+
s
m2
[(
m2ω
2
2 −△4
)(
s+
1
m1
K1(s)
)
− (gRβ −△2)
1
m1
K3(s)
]
+
+
1
m1m2
[(
ηm1ω
2
1 −△1
) (
m2ω
2
2 −△4
)
− (gRβ −△2) (gRβ −△3)
]
= 0 (15)
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Expressions for the images yield explicit expressions for the originals
R(t) = A1(t)R(0) + A2(t)β(0) + A3(t)P (0) + A4(t)Pβ(0)− I1(t)− I
′
1(t)
β(t) = B1(t)R(0) +B2(t)β(0) +B3(t)P (0) +B4(t)Pβ(0)− I2(t)− I
′
2(t)
P (t) = C1(t)R(0) + C2(t)β(0) + C3(t)P (0) + C4(t)Pβ(0)− I3(t)− I
′
3(t)
Pβ(t) = D1(t)R(0) +D2(t)β(0) +D3(t)P (0) +D4(t)Pβ(0)− I4(t)− I
′
4(t) (16)
where
IR(t) =
t∫
0
A3(τ)F1(t− τ)dτ ; I
′
R(t) =
t∫
0
A4(τ)F2(t− τ)dτ ;
Iβ(t) =
t∫
0
B3(τ)F1(t− τ)dτ ; I
′
β(t) =
t∫
0
B4(τ)F2(t− τ)dτ ;
IP (t) =
t∫
0
C3(τ)F1(t− τ)dτ ; I
′
P (t) =
t∫
0
C4(τ)F2(t− τ)dτ ;
IPβ(t) =
t∫
0
D3(τ)F1(t− τ)dτ ; I
′
Pβ
(t) =
t∫
0
D4(τ)F2(t− τ)dτ ; (17)
where the coefficients are defined as
A1(t) = L
−1
[
1
d(s)
(
s
(
s+
1
m1
K1(s)
)(
s+
1
m2
K4(s)
)
+
1
m2
(
m2ω
2
2 −△4
)(
s+
1
m1
K1(s)
)
−
−
1
m1m2
K3(s) (gRβ −△2 + sK2(s))
)]
A2(t) = L
−1
[
1
d(s)
(
1
m1m2
(
m2ω
2
2 −△4
)
K2(s)−
1
m1
(gRβ −△2)
(
s +
1
m2
K4(s)
))]
A3(t) = L
−1
[
1
d(s)
(
1
m1m2
(
m2ω
2
2 −△4
)
+
1
m1
s
(
s+
1
m2
K4(s)
))]
A4(t) = −L
−1
[
1
d(s)
(
1
m1m2
(gRβ −△2) +
s
m1m2
K2(s)
)]
B1(t) = L
−1
[
1
d(s)
(
1
m1m2
(
ηm1ω
2
1 −△1
)
K3(s)−
1
m2
(gRβ −△3)
(
s+
1
m1
K1(s)
))]
B2(t) = L
−1
[
1
d(s)
(
s
(
s+
1
m1
K1(s)
)(
s+
1
m2
K4(s)
)
+
1
m1
(
ηm1ω
2
1 −△1
)(
s+
1
m2
K4(s)
)
−
−
1
m1m2
K2(s) (gRβ −△3 + sK3(s))
)]
B3(t) = −L
−1
[
1
d(s)
(
1
m1m2
(gRβ −△3) +
s
m1m2
K3(s)
)]
B4(t) = L
−1
[
1
d(s)
(
1
m1m2
(
ηm1ω
2
1 −△1
)
+
1
m2
s
(
s+
1
m1
K1(s)
))]
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C1(t) = L
−1
[
1
d(s)
(
s
m2
(gRβ −△3)K2(s)− s
(
ηm1ω
2
1 −△1
) (
s+
1
m2
K4(s)
)
+
+
1
m2
(gRβ −△2) (gRβ −△3)−
1
m2
(
ηm1ω
2
1 −△1
) (
m2ω
2
2 −△4
))]
C2(t) = L
−1
[
1
d(s)
(
s
m2
(
m2ω
2
2 −△4
)
K2(s)− s (gRβ −△2)
(
s+
1
m2
K4(s)
))]
C3(t) = L
−1
[
1
d(s)
(
s2
(
s+
1
m2
K4(s)
)
+
s
m2
(
m2ω
2
2 −△4
))]
C4(t) = −L
−1
[
1
d(s)
(
s2
m2
K2(s) +
s
m2
(gRβ −△2)
)]
D1(t) = L
−1
[
1
d(s)
(
s
m1
(
ηm1ω
2
1 −△1
)
K3(s)− s (gRβ −△3)
(
s+
1
m1
K1(s)
))]
D2(t) = L
−1
[
1
d(s)
(
s
m1
(gRβ −△2)K3(s)− s
(
m2ω
2
2 −△4
)(
s+
1
m1
K1(s)
)
+
+
1
m1
(gRβ −△2) (gRβ −△3)−
1
m1
(
ηm1ω
2
1 −△1
) (
m2ω
2
2 −△4
))]
D3(t) = −L
−1
[
1
d(s)
(
s2
m1
K3(s) +
s
m1
(gRβ −△3)
)]
D4(t) = L
−1
[
1
d(s)
(
s2
(
s+
1
m1
K1(s)
)
+
s
m1
(
ηm1ω
2
1 −△1
))]
Here L−1 denotes the inverse Laplace transform, and K1(s), K2(s), K3(s), and K4(s) are
the Laplace images of the dissipative kernels.
It is convenient to introduce the spectral density D(ω) of the heat bath excitations which
allows us to replace the sum over different oscillators ν by the integral over the frequency:∑
ν
. . . →
∞∫
0
dωD(ω) . . .. This replacement is accompanied by the following replacements:
Γν → Γω, ων → ω and nν → nω. Let us consider the following spectral functions
D(ω)
|Γ(ω)|2
h¯2ω
=
1
pi
γ2
γ2 + ω2
where the memory time γ−1 of the dissipation is inverse to the phonon bandwidth of the
heat bath excitations which are coupled with the collective oscillator. If we rewrite the sum∑
ν
as the integral over the bath frequencies with the density of states, we obtain
K1(t) = λ1γe
−γ|t|, K2(t) = K3(t) = λ
1/2
1 λ
1/2
2 γe
−γ|t|, K4(t) = λ2γe
−γ|t|
and
△1 = λ1γ,△2 = △3 = λ
1/2
1 γ
1/2
2 γ,△4 = λ2γ
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We assume that there are no correlations between F1(t) and F2(t), so that
∑
ν
ανgν
h¯ων
≡ 0 (18)
The dissipative kernels are K2(s) = K3(s) ≡ 0 and △2 = △3 ≡ 0.
K1(s) =
λ1γ
(s+ γ)
, K4(s) =
λ2γ
(s+ γ)
(19)
So, in this case, the solutions for the collective variables (16) include the following time-
dependent coefficients:
A1(t) =
1
m1m2
6∑
i=1
ξi
[
m1si (si + γ)
(
m2 (si + γ)
(
s2i + ω
2
2
)
− λ2γ
2
)
+
+ λ1γ
(
m2 (si + γ)
(
s2i + ω
2
2
)
− λ2γ
2
)]
esit
A2(t) = −
gRβ
m1m2
6∑
i=1
ξi
[
m2si (si + γ)
2 + λ2γ (si + γ)
]
esit
A3(t) =
1
m1m2
6∑
i=1
ξi (si + γ)
[
m2 (si + γ)
(
s2i + ω
2
2
)
− λ2γ
2
]
esit
A4(t) = −
gRβ
m1m2
6∑
i=1
ξi (si + γ)
2 esit
B1(t) = −
gRβ
m1m2
6∑
i=1
ξi (si + γ) [m1si (si + γ) + λ1γ] e
sit
B2(t) =
1
m1m2
6∑
i=1
ξi
[
m2si (si + γ)
(
m1 (si + γ)
(
s2i + ηω
2
1
)
− λ1γ
2
)
+
+ λ2γ
(
m1 (si + γ)
(
s2i + ηω
2
1
)
− λ1γ
2
)]
esit
B3(t) = −
gRβ
m1m2
6∑
i=1
ξi (si + γ)
2 esit
B4(t) =
1
m1m2
6∑
i=1
ξi (si + γ)
[
m1 (si + γ)
(
s2i + ηω
2
1
)
− λ1γ
2
]
esit
C1(t) =
1
m2
6∑
i=1
ξi (si + γ)
[
g2Rβ (si + γ)− ηm1ω
2
1
(
m2 (si + γ)
(
s2i + ω
2
2
)
− λ2γ
2
)
+
+ λ1γ
(
m2 (si + γ)
(
s2i + ω
2
2
)
− λ2γ
2
)]
esit
C2(t) = −
gRβ
m2
6∑
i=1
ξisi (si + γ) (m2si(si + γ) + λ2γ) e
sit
C3(t) =
1
m2
6∑
i=1
ξisi (si + γ)
(
m2(si + γ)
(
s2i + ω
2
2
)
− λ2γ
)
esit
C4(t) = −
gRβ
m2
6∑
i=1
ξisi (si + γ)
2 esit
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D1(t) = −
gRβ
m1
6∑
i=1
ξisi (si + γ) (m1si(si + γ) + λ1γ) e
sit
D2(t) =
1
m1
6∑
i=1
ξi (si + γ)
[
g2Rβ (si + γ)−m2ω
2
2
(
m1 (si + γ)
(
s2i + ηω
2
1
)
− λ1γ
2
)
+
+ λ2γ
(
m1 (si + γ)
(
s2i + ηω
2
1
)
− λ1γ
2
)]
esit
D3(t) = −
gRβ
m1
6∑
i=1
ξisi (si + γ)
2 esit
D4(t) =
1
m1
6∑
i=1
ξisi (si + γ)
(
m1(si + γ)
(
s2i + ηω
2
1
)
− λ1γ
)
esit
Here, si are the roots of the following equation:
g2Rβ (si + γ)
2
m1m2
−
(
(si + γ)
(
s2i + ηω
2
1
)
−
λ1γ
2
m1
)(
(si + γ)
(
s2i + ω
2
2
)
−
λ2γ
2
m2
)
= 0 (20)
and ξi =
[∏
j 6= (si − sj)
]−1
with i, j = 1 − 6. These roots arise when we apply the residue
theorem to perform integration in the inverse Laplace transformation.
A. Fluctuation-Dissipation Relations
An important relation between the dissipation in the dynamics of a system and the
fluctuations in a heat bath with which the system interacts is the fluctuation-dissipation
relation. A first example of its manifestation is the Nyquist noise in an electric circuit. This
relation is of practical interest in the design of noisy systems. It is also of theoretical interest
in statistical physics because it is a categorical relation which exists between the stochastic
behavior of many microscopic particles and the deterministic behavior of a macroscopic
system. It is therefore also useful for the description of the interaction of a system with
fields, such as effects related to radiation reaction and vacuum fluctuations between atoms
and fields in quantum optics. The form of the fluctuation-dissipation relation is usually
given under near-equilibrium conditions via linear response theory. We will see in this
paragraph that this relation has a much wider scope and a broader implication than has
been understood before. In particular we want to apply this relations for problems involving
dissipation kinetic energy the initial stage of heavy ions collisions.
In [1], fluctuation-dissipation relations were obtained for (11), which connect the macro-
scopic quantity that describes dissipation and the microscopic characteristic of the internal
subsystem that expresses fluctuation of random forces. Validity of these relations means
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that the dissipative kernels in the non-Markovian dynamic equations of motion are deter-
mined correctly. The quantum fluctuation-dissipation relation of this form was obtained in
[8] and the references therein for the simple cases of the FC and RWA oscillators. Quantum
fluctuation-dissipation relations differ from classical ones and are reduced to them in the
limit of high temperature T (or when h¯→ 0).
In addition to the temperature fluctuations, the quantum fluctuations are also consid-
ered in them. Since equations of motion (11) for the collective coordinates and momenta
correspond to the fluctuation-dissipation relations, our formalism is the basis for describing
quantum statistical effects of collective motion.
We obtain the following relationships for the symmetrized correlation functions (k = α, g)
of the random forces ϕνkk′(t, t
′) = 〈〈F νk (t)F
ν
k′(t
′) + F νk′(t
′)F νk (t)〉〉:
ϕνkk′(t, t
′) = 2kνk
′
ν [2nν + 1] cos (ων [t− t
′])
Using the properties of random forces, we obtain the quantum fluctuation–dissipation
relations
∑
ν
ϕναα(t, t
′)
tanh
[
h¯ων
2T
]
h¯ων
= K1(t− t
′)
∑
ν
ϕναg(t, t
′)
tanh
[
h¯ων
2T
]
h¯ων
= K2(t− t
′)
∑
ν
ϕνgα(t, t
′)
tanh
[
h¯ων
2T
]
h¯ων
= K3(t− t
′)
∑
ν
ϕνgg(t, t
′)
tanh
[
h¯ων
2T
]
h¯ων
= K4(t− t
′) (21)
The validity of the fluctuation–dissipation relationships means that we correctly specified
the dissipative kernels in the non-Markovian equations of motion.
III. TRANSPORT COEFFICIENTS
In order to determine the transport coefficients, we use the solution (16). Averaging
them over the whole system and taking the time derivative, we obtain the following system
of equations for the first moments:
<R˙(t)> =
<P (t)>
m1
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<β˙(t)> =
<Pβ(t)>
m2
<P˙ (t)> = −λP <P (t)> +ρR <Pβ(t)> −cR <R(t)> +δR <β(t)>
<P˙β(t)> = −λPβ <Pβ(t)> +ρβ <P (t)> −cβ <β(t)> +δβ <R(t)> (22)
where the time-dependent coefficients λP (t), λPβ(t), ρR(t), ρβ(t), cR(t), cβ(t), δR(t), δβ(t). The
coefficients λP,Pβ(t) are related to the friction coefficients. The renormalized stiffnesses are
cR,β(t). Using Eqs.(16), we write Eqs.(22) for the first moments in which the coefficients
after simple algebra are
λP (t) = −
{[
B1(t)C˙2(t)− B2(t)C˙1(t)
]
[A3(t)D4(t)− A4(t)D3(t)] +
+
[
B1(t)C˙3(t)− B3(t)C˙1(t)
]
[A4(t)D2(t)−A2(t)D4(t)]+
+
[
B1(t)C˙4(t)− B4(t)C˙1(t)
]
[A2(t)D3(t)−A3(t)D2(t)]+
+
[
B2(t)C˙3(t)− B3(t)C˙2(t)
]
[A1(t)D4(t)−A4(t)D1(t)]+
+
[
B2(t)C˙4(t)− B4(t)C˙2(t)
]
[A3(t)D1(t)−A1(t)D3(t)]+
+
[
B3(t)C˙4(t)− B4(t)C˙3(t)
]
[A1(t)D2(t)− A2(t)D1(t)]
}
/I(t)
ρR(t) =
{[
C1(t)C˙2(t)− C2(t)C˙1(t)
]
[A3(t)B4(t)−A4(t)B3(t)]+
+
[
C1(t)C˙3(t)− C3(t)C˙1(t)
]
[A4(t)B2(t)− A2(t)B4(t)] +
+
[
C1(t)C˙4(t)− C4(t)C˙1(t)
]
[A2(t)B3(t)− A3(t)B2(t)] +
+
[
C2(t)C˙3(t)− C3(t)C˙2(t)
]
[A1(t)B4(t)− A4(t)B1(t)] +
+
[
C2(t)C˙4(t)− C4(t)C˙2(t)
]
[A3(t)B1(t)− A1(t)B3(t)] +
+
[
C3(t)C˙4(t)− C4(t)C˙3(t)
]
[A1(t)B2(t)−A2(t)B1(t)]
}
/I(t)
cR(t) = −
{[
C1(t)C˙2(t)− C2(t)C˙1(t)
]
[B3(t)D4(t)−B4(t)D3(t)] +
+
[
C1(t)C˙3(t)− C3(t)C˙1(t)
]
[B4(t)D2(t)− B2(t)D4(t)] +
+
[
C1(t)C˙4(t)− C4(t)C˙1(t)
]
[B2(t)D3(t)− B3(t)D2(t)] +
+
[
C2(t)C˙3(t)− C3(t)C˙2(t)
]
[B1(t)D4(t)− B4(t)D1(t)] +
+
[
C2(t)C˙4(t)− C4(t)C˙2(t)
]
[B3(t)D1(t)− B1(t)D3(t)] +
+
[
C3(t)C˙4(t)− C4(t)C˙3(t)
]
[B1(t)D2(t)−B2(t)D1(t)]
}
/I(t)
δR(t) =
{[
C1(t)C˙2(t)− C2(t)C˙1(t)
]
[A4(t)D3(t)− A3(t)D4(t)]+
+
[
C1(t)C˙3(t)− C3(t)C˙1(t)
]
[A2(t)D4(t)− A4(t)D2(t)] +
+
[
C1(t)C˙4(t)− C4(t)C˙1(t)
]
[A3(t)D2(t)− A2(t)D3(t)] +
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+
[
C2(t)C˙3(t)− C3(t)C˙2(t)
]
[A4(t)D1(t)− A1(t)D4(t)] +
+
[
C2(t)C˙4(t)− C4(t)C˙2(t)
]
[A1(t)D3(t)− A3(t)D1(t)] +
+
[
C3(t)C˙4(t)− C4(t)C˙3(t)
]
[A2(t)D1(t)−A1(t)D2(t)]
}
/I(t)
I(t) = [B1(t)D2(t)− B2(t)D1(t)] [A4(t)C3(t)− A3(t)C4(t)] +
+ [B1(t)D3(t)−B3(t)D1(t)] [A2(t)C4(t)− A4(t)C2(t)] +
+ [B1(t)D4(t)−B4(t)D1(t)] [A3(t)C2(t)− A2(t)C3(t)] +
+ [B2(t)D3(t)−B3(t)D2(t)] [A4(t)C1(t)− A1(t)C4(t)] +
+ [B2(t)D4(t)−B4(t)D2(t)] [A1(t)C3(t)− A3(t)C1(t)] +
+ [B3(t)D4(t)−B4(t)D3(t)] [A2(t)C1(t)− A1(t)C2(t)] (23)
Here, the overdot means the time derivative. The expressions for the coefficients for the other
coordinate are obtained from these expressions using the following replacements: Ai ↔ Bi
and Ci ↔ Di (i = 1, 2, 3, 4).
The equations for the second moments (variances),
σq1qj(t) =
1
2
〈qi(t)qj(t) + qj(t)qi(t)〉 − 〈qi(t)qj(t)〉 (24)
where qi = R, β, P or Pβ (i = 1− 4), are
σ˙RR(t) =
2σRP (t)
m1
σ˙ββ(t) =
2σRPβ(t)
m2
σ˙Rβ(t) =
σβP (t)
m1
+
σRPβ (t)
m2
σ˙RPβ(t) = −λPβσRPβ(t) + ρβσRP (t)− cβσRβ(t) + δβσRR(t) +
σPPβ(t)
m1
+ 2DRPβ(t)
σ˙RP (t) = −λPσRP (t) + ρRσRPβ(t)− cRσRR(t) + δRσRβ(t) +
σPP (t)
m1
+ 2DRP (t)
σ˙βP (t) = −λPσβP (t) + ρRσβPβ(t)− cRσRβ(t) + δRσββ(t) +
σPPβ(t)
m2
+ 2DβP (t)
σ˙βPβ(t) = −λPβσβPβ(t) + ρβσβP (t)− cβσββ(t) + δβσRβ(t) +
σPβPβ(t)
m2
+ 2DβPβ(t)
σ˙PPβ(t) = −
(
λP + λPβ
)
σPPβ(t) + ρRσPβPβ(t) + ρβσPP (t)− cRσRPβ (t)− cβσβP (t) +
+ δRσβPβ(t) + δβσRP (t) + 2DPPβ(t)
σ˙PβPβ(t) = −2λPβσPβPβ(t) + 2ρβσPPβ(t)− 2cβσβPβ(t) + 2δβσRPβ (t) + 2DPβPβ(t)
σ˙PP (t) = −2λPσPP (t) + 2ρRσPPβ(t)− 2cRσRP (t) + 2δRσβP (t) + 2DPP (t) (25)
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So we have obtained the Markovian-type (local in time) equations for the first and second mo-
ments, but with the transport coefficients depending explicitly on time.The time-dependent
diffusion coefficients Dqiqj(t) are determined as
DRR(t) = −
JRP (t)
m1
+
1
2
J˙RR(t)
Dββ(t) = −
JβPβ(t)
m2
+
1
2
J˙ββ(t)
DRβ(t) = −
1
2
[
JβP
(
t)m1 +
JRPβ(t)
m2
− J˙Rβ(t)
]
DRPβ(t) = −
1
2
[
−λPβJRPβ(t) + ρβJRP (t)− cβJRβ(t) + δβJRR(t) +
JPPβ(t)
m1
− J˙RPβ(t)
]
DRP (t) = −
1
2
[
−λPJRP (t) + ρRJRPβ(t)− cRJRR(t) + δRJRβ(t) +
JPP (t)
m1
− J˙RP (t)
]
DβP (t) = −
1
2
[
−λPJβP (t) + ρRJβPβ(t)− cRJRR(t) + δRJββ(t) +
JPPβ(t)
m2
− J˙βP (t)
]
DβPβ(t) = −
1
2
[
−λPβJβPβ(t) + ρβJβP (t)− cβJββ(t) + δβJRβ(t) +
JPβPβ(t)
m2
− J˙βPβ(t)
]
DPPβ(t) = −
1
2
[
−
(
λP + λPβ
)
JPPβ(t) + ρRJPβPβ(t) + ρβJPP (t)− cRJRPβ(t)− cβJβP (t)+
+ δRJβPβ(t) + δβJRP (t)− J˙PPβ(t)
]
DPβPβ(t) = λPβJPβPβ(t)− ρβJPPβ(t) + cβJβPβ(t)− δβJRPβ(t) +
1
2
J˙PβPβ(t)
DPP (t) = λPJPP (t)− ρRJPPβ(t) + cRJRP (t)− δRJβP (t) +
1
2
J˙PP (t) (26)
Here, J˙qiqj(t) = dJqiqj(t)/dt. In our treatment DRR = 0, Dββ = 0, and DRβ = 0 because
there are no random forces for the R and β coordinates in Eqs. (11). In Eqs. (26) we use
the following notation:
JRR(t) = 〈〈IR(t)IR(t) + I
′
R(t)I
′
R(t)〉〉,
Jββ(t) = 〈〈Iβ(t)Iβ(t) + I
′
β(t)I
′
β(t)〉〉,
JPP (t) = 〈〈IP (t)IP (t) + I
′
P (t)I
′
P (t)〉〉,
JPβPβ(t) = 〈〈IPβ(t)IPβ(t) + I
′
Pβ
(t)I ′Pβ(t)〉〉,
JPPβ(t) = 〈〈IP (t)IPβ(t) + I
′
P (t)I
′
Pβ
(t)〉〉,
JRβ(t) = 〈〈IR(t)Iβ(t) + I
′
R(t)I
′
β(t)〉〉,
JRP (t) = 〈〈IR(t)IP (t) + I
′
R(t)I
′
P (t)〉〉,
JβPβ(t) = 〈〈Iβ(t)IPβ(t) + I
′
β(t)I
′
Pβ
(t)〉〉,
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JRPβ(t) = 〈〈IR(t)IPβ(t) + I
′
R(t)I
′
Pβ
(t)〉〉,
JβP (t) = 〈〈Iβ(t)IP (t) + I
′
β(t)I
′
P (t)〉〉. (27)
Thus, we obtain equations for the first and second moments with the transport coeffi-
cients explicitly depending on time, collective coordinate, and momentum. It is the time
dependence of these coefficients that results from the non-Markovian nature of the system.
IV. CONCLUSIONS
A system of nonlinear Langevin equations is derived within the microscopic approach
in the limit of the general coupling between the collective and internal subsystems. These
equations of motion for the collective subsystem satisfy the quantum fluctuation-dissipation
relations. A new method for obtaining explicitly time-dependent transport coefficients is
developed on the basis of the non-Markovian Langevin equations. The analytical formulas
obtained in this work can be used for describing the fluctuation-dissipation dynamics of
nuclear processes.
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